The first term of the Born series is widely used (e.g. Woodhouse & Girnius, 1982; Tanimoto 1984) to compute the partial derivatives of seismic waveforms. On the other hand, first use the variational method to compute the eigensolutions for a laterally heterogeneous model. They then compute the partial derivatives of the waveforms using those of the eigenfrequencies and eigenfunctions.
INTRODUCTION
Recent advances in computational technology have made it feasible to determine Earth structure by direct inversion of seismic waveforms (or their Fourier transforms) ; the use of waveform inversion can be expected to increase greatly in the near future. Computation of the partial derivatives of synthetic seismograms (or spectra) with respect to the model parameters is the key step in waveform inversion. We demonstrate that the partial derivatives obtained by the above two methods are equal. We then discuss some implications of this result.
BORN APPROXIMATION
To obtain the Born series we follow essentially the same approach as Tanimoto (1984) . We use the variational method to obtain the eigensolutions of a laterally heterogeneous, anelastic, and elliptical earth by solving the following matrix eigenvalue problem H lk) = w : p l k ) , ( 1 4 where H is the potential-energy matrix and p is the kinetic-energy matrix. Details are given by Morris et al. (1987) . The effect of self-gravitation (Geller 1988 
where o is the Fourier transform variable, and If) has S ( t ) time dependence. To consider a source with step-function time dependence, we would divide the right-hand side of (3) by io. All of the results in the present paper can similarly be extended to the case of a source with step-function time dependence. We expand lu) in terms of the eigenfunctions, and use (la), (lb) and (2) to solve (3);
(4)
The middle expression in (4) is true in general, whereas the expression on the right is only true when the modes are normalized (as they are for the present case).
We now obtain the first term of the Born series by making small perturbations 6H and 6p to the operators H and p, where both the initial model (H and p) and the perturbations to the initial model (6H and 6p) are laterally heterogeneous. We find (6u ), the first-order perturbation to the synthetic, by solving (H + 6H -d p -0'6p) I U + 6~) = -I f ) .
( 5 )
After we use (3), and eliminate higher-order terms, (5) (6) We use (4) to solve (6) and obtain (7) One can follow this procedure recursively to generate the Born series to arbitrarily high order, but, as noted by Tarantola (1987, p. 499) , the rate of convergence of the Born series is extremely slow. Therefore in practice one uses (7) to obtain the partial derivative for a linearized inversion. After the inversion, one then relinearizes the problem with respect to the new model.
When wj = w k , the inverse Fourier transform of (7) yields terms of the form t sin (wit) rather than sin (wit). Similarly, the nth term of the Born series yields terms of the form t"-'sin(wjt) in the time domain. The existence of these so-called secular terms is frequently cited as a reason that the Born approximation is valid only for a reasonably small time duration. However, we show below that the first term of the Born series is equal, to first order, to a normal-mode expansion without secular terms whose resonant frequencies are the perturbed eigenfrequencies. used the variational method to obtain the eigensolutions of an initially laterally heterogeneous, rotating, anelastic, elliptical earth model. They thus considered a case for which there were no degenerate eigenstates, to which the following discussion is limited. When a perturbation is made to the initially laterally heterogeneous model, the eigenvalue problem corresponding to (5) The perturbed eigenvalue is (wk + 60,)'.
FIRST-ORDER CORRECTIONS TO EIGENSOLUTIONS
Tsuboi & Geller give the following results for the first-order perturbation to the eigenfrequency, eigenfunction, and dual space eigenfunction, respectively. I k + S k ) ( k + 6 k I f )
. ( We use ( 2 ) , (10a) and (lob) to evaluate the matrix element for the normalization to first order:
We expand (11) to first order, using (12), and then subtract lu), as given by (4), to obtain the first order expression for I6u ) :
Note that the last term in (13) is due to the normalization integral for the perturbed mode.
We now substitute (loa) in the first term of (13), (lob) in the second term of (13), and (9) in the third term of (13). We obtain the following explicit form of 1 6~) :
The above result is basically equivalent to equation (18) of , which is the form used by Hara, Tsuboi & Geller (1989) to compute partial derivatives of waveforms. (Hara et af. consider a source with step-function time dependence, but this can be accounted for by dividing by iw, as discussed above.)
COMPARISON O F T H E TWO METHODS
The partial derivatives from the first term of the Born series are given by (7). On the other hand, the partial derivatives obtained by Tsuboi & Geller by applying first-order perturbation theory to the variational solutions for a laterally heterogeneous initial model are given by (14) . We now show that these results are equal. We begin by rewriting the second line of (14) . We interchange j and k,
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The matrix elements in the nominator of the first line are equal to those in the second line. Note that we rearranged the order of summation in the second line of (15) 
+
We use (16a) and (16b) to combine the first two lines of (15). We have
I i ) ( j I ( 6 H -w 2 W I k ) ( k I f )
We now combine the first two lines of (17). Note that the sum of the first two lines of (17) is not equal to (7), because the coefficient of b p in the second line of (17) (19) is equal to (7), which is the expression for ISu)
The synthetic obtained by summing the zeroth and first obtained from the first term of the Born series.
terms of the Born series is the sum of (4) and (7), However, by working backwards from (19) to (ll), we see that (20) is equal, to first order, to (11). In other words, the first term of the Born series is equal, to first order, to the result we obtain from the procedure of , namely:
(a) compute the first order correction to the eigenfrequency and eigenfunctions, (b) use the results from (a) to calculate the first order correction to the synthetic.
As far as we are aware, the fact that the first term of the Born series fully includes the first-order corrections to the eigenfrequencies and eigenfunctions is not generally known. This may be because working forward from (11) to (20) is relatively straightforward, while working backwards is not. Another reason may be that almost all previous use of the Born series in the form (7) has been limited to the case of a laterally homogeneous starting model.
By comparing (20) to (11) we can clarify the question of the resonant frequencies of the Born approximation. The denominator of (20) Finally, note that the conclusions of the present paper apply only to the case of a made1 whose eigenstates are non-degenerate. This is because the Born series (7) can be derived whether or not the modes of the unperturbed problem (1) are degenerate, but the derivation of is limited to models with non-degenerate eigenstates.
DISCUSSION
Early attempts to invert for the Earth's laterally heterogeneous structure invariably used a laterally homogeneous starting model, and treated the entire laterally heterogeneous part of the model as a perturbation. While this may have been previously been necessary, due to limited availability of computing resources, this is no longer the case. Tsuboi, Geller & Moms (1985) , , and Hara et al. (1989) have demonstrated the practicability of computing the partial derivatives of the eigenfrequencies, eigenfunctions and synthetic spectra, after first using the variational method to find the eigenstates of a laterally heterogeneous model. They also conducted numerical tests that verified the accuracy of the above partial derivatives. Since any linearized approximation degrades as the size of the perturbation increases, the inverse problem should be linearized with respect to an initial model that is as accurate as possible. It therefore seems highly desirable t o perform iterative linearized inversion, using the variational method t o compute eigensolutions for the laterally heterogeneous models obtained at each successive step.
